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FORCE DOS CIL L A TI O N S O F A C L A SS O F P A R A B O LI C
EQU A T工O N S W I T H F U N C T I O N A L A R G U M E N TS
No rio Y O S HI D A
1. Intr odu ctio n
We a r e c o n c e r n ed with the pa r abolic equ atio n with fun ction al
a rgu m e nts
孟Cutx ,t卜童り- EI,jtlh,L,. .
k
- actJAutx ,り - EbiくりAuくx , TiくtJJ
iニ 1
+ cくx,i,くziEujくx ,tlJ整1J - fくx ,り, くx,tJE O 三 G xく0, cx ,i,
く1J
whe r ea is a bou nded do m ain in Rn withpie c e wis e s m o oth bo u nd-
ary aG . Itis a s s u m edthat こ
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く仁0, 00J言Rl, .1im piくり - cK3くi - 1,2, . . . ,el,
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TiくtJE Cく亡0,cx31言RJand lim Tiくtl - 00くi - 1,2, . . . , kJ3
t一寸 0 0
1 9 9 1 Mathe m atic s Subje ct Cla s sific atio n. 3 5BO 5, 3 5 R IO.
Key w o rds a nd phr a s e s. Fo r c ed oscillatio n s, pa r abolic equ ations .
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くH3l
cくx ,i,托iJ整1JE Cく日 x R7h芸RJ,
TilZ
cくx ,i,くE濃 .J之 EpiくtlpiくEilfo rくx ,i,くEi浩1JE 0 xtO, o o17h,
iこ 1
rTI
cくx ,i, トEi浩1J5 - EpittlpiくEilfo rくx ,i,くE濃 1JE 0 xtO, 00J7h,
iこ 1
w heretO,cx313
.
- tO, 00lxtO, 001j
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- 1,2, . . . , 句 , piくり E
Cく亡0,cx,l言EO, 00Jl, piくEI E Cく亡0, cx3う言仁0, 00ll, a nd piくElare
c on v e xinく0, 00Jくi - 1,2, . . ., mJ言
くH41
uくx , JiくりJ くi - 1,2, . . . , ml,
m a xsEBiくtluくx , sJ くi - m + 1, m + 2, . . . , m lJ,
こ
,Ellt.r. り -
Kijくx ,i, yJLJi31くuくy, JijくtJJJdy
くi - m l +1, m l + 2, . . ., 句 ,
w he r e qiくtJE Cく仁0, 001言RJ くi - 1,2, . . A , mJ,lim e - c,, JiくtJ -
cx3
,
Biくりくi - m + 17 m + 27 . . .,Tn l a r e clo s
ed bo u nded
sets oftO7 001s u chthatlim t l 00 m l nseBtl り.S
- 00
,
Jijくり E
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Nil,
1im t-+ cx,Jijくり - cx ,, Ki,.くx,i,yJ E CくO x G言亡0, c olう, a nd
LJijくsJE CくR3RJa r e od d fu n ctio n s with the pr ope rtythat
LJijくsJ20 fo r sン 0.
W e c on side rtw okinds of bo u nda ry c o nditio n s 二
くBIJu - 4, o n aG xく0, cx3J,
くB2J芸.pu - i o n aG xく0, uJ,
whe r e4,, 歩E Cく8 Gxく0, o oJ言RJ, p E Cくa Gxく0, 00J言EO, 00lJa nd
lJ de n ote sthe u nit, exte rio r n o r m alvector to a G.
D efinitio n 1. By a s olutio n ofequ atio n 川 w e m e a n afu
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tio n uくx ,tjE C2く百 xFt- 1, 00J言Rln Clく否 xti- 1, C X ,J3Rln CくG x
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D efinitio n 2. A s olutio n u ofthe bo u nda ry v alu e pr oble m s
く1J,くBil くi - 1,2jis s aidto be o s cillato ryin 0 ifu ha s a z e r oin
G xくt, cx3jfo r a ny t B 0.
In the c a s e wher ehiくtJくi - 1, 2, . . . ,elar e nonpo sitiv e, the o s cil-
latio n ofく1Jw a s studied by Ta n aka a nd Yo shidaF6コa nd equ atio n
く1Jwith cくx ,i,くziFujくx ,tJJrI IJr eplaced by - cくx ,i,くzitujくx ,tlJrl l
w a sin v estigated by K u san o a nd Yo shidar3j.
T he pu rpo s e ofthis pape ris to obtain s ufEcie nt co ndition sfo r
e v e ry solutio n ofthe bo u nda ry v alu epr oble m sく1J,くBiHi - 1,21
to be o s cillatory l n a Cylindrical do m ain .
工n Se ctio n2 w e redu c ethe m ulti-dim e n sio nalo s cillatio nproble m s
to on e-dim e nsio n alproble m sforfu n ction al differ e ntial in equ alitie s
of n e utr alty pe by u slngtheintegral m e a n s ofs olution s. SufEcie nt
c o nditio n sfo rthe o s cillatio n of fu n ctio n al differ e ntial in equ alitie s
ar eglV e nin Sectio n3. Section 4 isdev otedtothe o scillation r e sults
fo rthebo u ndary v alu epr oble msくり,くBiJ くi - 1,2J.
2. Redu ctio n to o n e- dim e n sio n al pr oble m s
In this se ctio n w e r educ e os cillation pr oble m sfo r川 to os cillatio n
pr oble m sforfun ction al differe ntial in equ alitie s.
Itiskn o w nthat the first eige nvalu e入1 0fthe elge n V alue proble m
- A w - 入w in G,
w こ O on aG
ispo sitiv eandthe c or r espo nding eigenfu n ction 申くxJm aybe chose n
so that 申くxJン O in Gくs e eCou r a nt and HilbertFljJ.
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T hefbllo w lng n otatio nis u s ed こ
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fくx ,tldx ,
w he r elGI - IG dx . Fo r a ny c o ntin u o u sfu n ctio ns OCtlwe u s ethe
n otatio n 二
tOttJl土 - m a Xt士OttJ, Ol.
T he o r e m1. A s s u m ethat the hypothe s e sくHl卜くH4Jhold. If
thefu n ctio n al diHe r e ntial in equ alitie s
孟卜童hitt,ytpiくt,,j.入1 00
k rn
+ 人1E7J.itり.,Jく, 州 + EIJ,.tI.1p,L,JC,T,M JJS 土Gくり
iニ 1 iこ 1 く2J
ha v e n o e v e ntu ally po sitiv e s olutio n s, the n e v e ry s olutio n u ofthe
bo u nda ry v alu eproble mく1l,くBIJis o s cillato ryin 0, whe r e
k
GくtJ - Fttト aけ仲くtト Ebittl 叫くtJJ.
iニ 1
Pr o of. Sup po se to the co ntr a ry that the r e e xists a s olution
u ofthe pr oble mくり,くBIJwhich is n o noscillatoryin 0. First w e
a s s u m ethat u ン Oin G xFlo, cx3Jfo rso m eto D 0. T he hypothe sis
くH3Jim plie sthat
lrt
cくx ,i,くzituコくx ,り浩1j之EpittJpiくuくx , JittJJli1. G xttl, 00J
iこ 1
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fo r s o m etl 之to . He n c e, fr o mく1Jw e s e ethat
孟卜套hJiくt
k
,uCx ,piCt,,I
----I,tfJ上t,.t.,. 1 り--EI,itfJ上t,t.,. . ,,t川
iニ 1
71L
+ EpiCtlpiくuくx , qiくりIJ5ftx ,tJ in G x亡tl, CX3J.
i こ 1
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M ultiplyingく3Jby UG 叫Idxr
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叫Iand then integratillg o v e r
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Itfollo wsfr o mGr e e n,s for m ula that
Il
,
.I,
G
A ,LJ,CJ.. . りtT,い小l.I..
- Il
-
.I,
.
.
I
.G芸Ir1 , tI, .r - i.i -,. . I ,-芸 .,.I
l
l.-15
+ K申
KJa G
IG ,tL,t.,r .りAtT,くこt,.lrLJ.
ゆ芸くxJd S 一 入1K 申
ニ ー 甘くtl 一 入1Uくtl, t之tl.
An alogo u sly w eha v e
Tl
r
.1,
-1I,t.1t. . り4,く.,I.JrL..I.
く5J
Auくx , Tiくtl沖くxJdx ニ ー叫Tiくりト 入1UくTiくtlJ, t之t2 く61
fo r s o m et2 之 tl. Ap plyingJe n s e n
,
s in equ alityE5, p.160コ, w e obtain
Il
r
.I, piくuくx , JiくtlJ沖くxldx 之 piくびくJiくtJJJ, t之t2. く71
Co mbiningく4H7Jyields
孟卜童hiCt,Uく-j. Alaく -
k m
+ 入1EbittJUくTiくtJl+ EpiくtJpiく叫 iくtJJJ5 GttJ
i二 1 iニ 1
for i 2 t2. M or eov e r, itis cle a rthat Uくり ン O o ntt2, 00J. T his
c ontr adicts the hypothe sis. Ifu く O in G xEto, cxlJ,it c a nbe show n
that
rTL
cくx ,i,くziEujくx ,tJ浩1 5 -EpittJpi卜uくx , J 棚J in G xttl,CX ,J
iこ 1
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for s om etl 之to. Letting v ニ
ー u
,
W e Obtain
孟Cvtx ,t卜童り I El,.,Cfl,,i.,. .
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k
- I,.tり上 t7 .,. . IJ I EI,,.tfJユー,7C.,. I T 州
iニ 1
Fii7,
+ EpiCtJpiく巾 , JiくtJJJ三 一 拍 ,tJ in G xttl, 00J.
iこ 1
Pr o c e eding a sin the c a s e whe re uB 0, w e a r eledto ac ontr adictio n.
T hepr o of is c o mplete.
T he o r e m2. As s u m ethat the hypothe s e sくHlトくH4Ja r e s at-
isfied. Ifthefu n ctio n al diHe r e ntial in equ alitie s
孟卜套hiCt,ytpiくt,,j.墓 - ytqitt川 5 士6く- ,
ha v e n o e v e ntu ally po sitiv e s olutio n s, the n e v e ry s olutio n u ofthe
bo u nda ry v alu epr oble mく1 ,くB2Jis o s cillato ryin 0, whe re
k
c
t
,
.
M - iJ
l
tfl+ I,.Cりi,くり + Ef,,.tt沖くT 州 .
i こ 1
Pr o of. As s u m e o nthe c ontr a ry, that the r e e xists a s olution
u ofthe pr oble mく1J,くB2Jsu chthat u ン Oin G xEto, 00Jfo r s o m e
to 5 0. Argu i ng a Sin the pro of of T he o re m1, w e obs e r ve that the
in equ alityく31holdsfo r so m etl 之to. D ividingく3JbyIGla ndthe n
integrating o v e ra yields
孟卜套hitt,6tpヰ att,uG Autx ,i,dx
一重bit塙IG - , - .墓pit塙IG PitutX , Jitt,,,dx
5fttl, t之 tl. く9う
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Itfollowsfro m the div e rgen ce the o re m that
古fG - ,tldx - ua GaX,tld S
ua GLp . uくx ,tl.ildS
三岳くtJ, i,- tl .
An alogously w e obtain
uG
く1 0J
Auくx , TiくりJdx 三岳くTiくtJl, t之 t2 く11J
fo rso m et2 之tl. An applic atio n of Jense n
,
s inequ ality sho w sthat
古IG PituCx , - dx 之 piく如くりlい 之t2. く12l
Co mbiningく9トく121yields
孟C6tt, 一重hitt,6tpitt,,j.墓 - - ,5 軸
fo rt之t2, andfu rthe r m o r e軸Jis positive onEt2, C X ,J. T his c o ntr a-
dicts thehy pothe sis. T he c a se whe r e uく O c a nbe tr e ated similarly,
a nd w e a reled to a c ontr adictio n. T he pr o of is co mplete.
3. F ir st o rde r fun ctio n al diffe r e ntial in equ alitie s
ln this s e ction w e obtain s u氏 cie nt c o ndit,ions fo rthe fu n ctio n al
diffe rential in equ ality
孟卜童hitt,yくpiCt,,j.墓 - yh tt川 5 qくt, t.3,
to ha v e no eventu ally po sitiv e s olutio n, w here qくtlE Cく亡to,cx3J言RJ
for so m eto 5 0.
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T he o r e m3. As s u m ethatニ
e
くiJ EhiくtJ51 a nd piくtJS tくi - 1,2, . . . ,el言
i こ 1
くiilthe r eis
.
a nintege rjEtl,2, . . . , ml s uchthat p畑 is n o n-
de c r e a s mg, pjくEJD Ofo rE5 0, pjくり 5 0 a nd
I.
n
pjくtJdt - 00 言
くiiiJthe re exists QくtJ E C
l
oto, 00J言及J s atisfying Q
I
くり 之 qくtl
a nd lim Qくtl- 0.
t十トoo
Ifthefu n ctio n al diHe r e ntial in equ ality
y
,
ctJ. p 伽 jくFyh.CtJJ.Qく榔JjjJ三0 く14J
ha s n o e v e ntu allypo sitive s olutio n, the nく1 3lha s n o e v e ntu ally po s-
itiv e s olutio n.
Pr o of. Sup po s ethatyくtlis a n e ventu ally po sitiv e s olutio n of
く1 3J. T he r e e xists a n u mbe rt1 2 tofo r which yくtlン 0, yくpiくtJJB
Oくi - 1, 2, . . .,eland yくc,iくtlJン 0くi - 1,2, . . . , mlfo rt之tl. Letting
e
ニくり - .tJtり -EI,,.tIIIJtI, 州 -I t州
i二 1
w e s e efro mく13lthat
く15l
z
I
くtlS - pjく如jくyh.くtlJJく 0, t之 tl く16J
a nd he n c e zくりisde c r e a singfo rt之tl. We claim thatlim e- cx, zくtJ -
z 00 ン ー 00 . If lim t ぅ cx, Zくり ニ ー 00 , then the hypothe sisくiiiJimplie s
thatlim t l cx, Z1りニ ー 00 , Whe r e
e
乏くり こ 州 - Ehittlyくpiくりl.
i こ 1
く17J
In c a s eyttlis bo u nded fro m abo v e, w e obs e r v ethat z
N
くtlis bo u nded
fro m below . He n c e
, yくtlis n ot bo u nded fro m abo v e. T he n, the r e
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e xists an u mbe ri2 之 tl Su ch that I
-
くt21く O a nd m axt15tSt, yくり -
yくt21. T he r efo r e, w e obtain
e
乏くt21 - yくt2卜 Ehitt2Jyくpiくt2Jl
iニ 1
e
之 ytt2ト ニhitt21ytt2J
iニ 1
-ト童hitt2,うyくt2,2 0,
which c ontr adictsthe fa ct that 乏くt21く 0. He n ce, it ca n be sho w n
thatlim t ぅ 00 ZくtJ - z 00 5 - 00 . Usingく16l, w ese ethat
of
.
i
p3
.くsJp3.くyくJjくsIJlds
5I.
t
蔓
i -I.
i
piくslpiくyくJiくsJJJds
I
,
くsJds - zくtlJ - zくり5 zくtlJ - z 00
a nd the refore pjttlp,-くyh.くt川 E L
lttl, C X 3J. Sin c eyくtJ ン O fo r
t之tl, W efindthatlim inft 一 00 yくり 三 ko 之 0. If ko ン 0, the n
yく 榊 之箸, t之t3
fo r s o m et3 之 tl. W e e a sily s e ethat
I.
i
pjくsJpjくyくJJくsJIJds 之L3
t
pjくslpjくyb.くsIJlds
之 pjC%u3
t
PjtS,ds, く18,
which c o ntradicts the fact that pjく如,.くyh.くtJJJE L
l
ttl,CX31in
vie w of the hypothe sis くiiJ. Hen c e, w e con clude that ko - 0,
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thatis
,
1iminft- cx, yくり - 0. Sin c elim t ぅ cx,QくtJ - 0, w e obtain
lim t ぅ cx, 乏くtJ - z 00 . Taking theinferior limit a st う cx lOfthein -
equ ality
e
.
,Jtり- .Ilo + EI,,けJ.tJtI,,tlJ12 三くり.
i二 1
w e find that zcx, S 0. Let zcx, く 0. Ifyくりis n ot bo u nded fro m
abo v e, the r e e xists a s equ e n c eくtnナncnI I S atisfying
lim tn - o o,
n 一 寸 くX つ
1im yくtnJ - 00 ,
n - + 0 0
tlTt
a3L 州
- yttnl.
T he n w e s e ethatfo r all la rge n
e
o ン 乏くtnj - yttn 卜 EhittnJyくpiくtnJJ
iニこ1
之トさI - EhittnりyくtnJ之 0,iニ 1
w hichyields a c o ntr adictio n. He n c e, w e obs e r v ethatyくりisbou nded
fro m abo ve. T hen , there exisJslim s upt ぅ cx, yくtJ 三 宮cx,L a nd the re-
fo r ethe r e e
+
xists a s equ encettnlncx3I I S uchthatlim n l 00tn - 00 a nd
lim n - cx, yくtnJ - 否cx, . Itis r e adily che cked that
e
2tt
-
nJ - yくin 卜 Ehiくt
N
nJyくpiくt
-
nlJ
i こ 1
e
之 yくt
A
n 卜 否00 + Ehiくt
k
n 畑 00 - yくpiくfnJJJ. く191
i二こ1
Sinc e
liminfく否00 - yくpiくtnJJJ三宮c x, - 1im s up yくpiくt
.
nlJ2 0,
n -+ 0 0
n - +くXI
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takinginfe rio rlimit ofく19la s n-+ 00 yields
o ン z 00 21iminfyくt
N
n ト 音00 - 0.
rZ, - + CXつ
T hisis a c o ntr adictio n
,
a nd c on s equ e ntly w e con clude that zcx, - 0.
W e se ethat zくり ン O fo rt 之 tlin vie w ofthe fa ct that zくりis
de cre asing. Sinc eyくtJ2 zくり +QくtJand yくtJン O for t 之 tl, W e
obtain
yくtJ之tzくり+QくtJj+ , t之tl
andther efわr e
yh.くtJ12tzh.くtlJ+ Qh.くt川+ , t2 T
fo r s o m eT 之tl. T he hypothe sisくiiJimplie sthat
p3
.くyh.くtJIJ之 p3.Ozh.くりJ+ Qh.くt川+J, t ン T. く2 0J
Co mbiningく16Jwithく201yields
z
,
くり+ pjくりpjuZくりくtJJ+Qb.くtJJj+iSO, t ン T
a nd c o n s equ e ntly zくtJis a n e v e ntu allypo sitiv e s olutio n ofく1 4JI T his
contradicts the hypothesis and co mplete sthe pro of.
T he o r e m4. A ss u m ethat the hy pothe sisくiiJ of The o re m3
holds. If
Lo
u
pjくtJp3.ugh.くtJJl+Jdt - 00 , く21J
the nく14Jha s n o e v e ntu ally po sitiv e s olutio n.
Pr o of. Let yくり be a n e v e ntu ally po sitiv e s olutio n ofく1 4J.
T he n
,
the r e e xists a n u mbe r tl 之 to s u ch that yくり ン O a nd
yくJjくtlJ5 0 fo ri -B tl. Sin c e
yh.くtJJ+Qb.くtJJ之 Qb.く恥 t之tl,
w e obtain
亡yくJjくtJJ+QくJjくt川+ 之tQh.くりH+ , t之tl
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a ndthe r efわr e
pjuyb.くりl+Qくc,3.くt川+J2 pjuQb.くt川+i, i -5 tl.
He n c e
,く14Jim plie s
y
,
くtl+ pjくりp3.uQb.くりjj+J5g0, t之tl . く22J
Integr atingく22Jo verEtl,tコyields
Ll
t
P - OQh. - ,ds 三 -I.
t
y
,
cs,ds -i yttl,,
which c o ntr adicts the hypothe sisく21l. T he pr o of is c o mplete.
The o r e m5. As s u m ethat the hypothe s e sくil,くiiilofT he o r e m
3 a r e s atisfied. As s u m e, m o r e o v e r
.
,
thatこ
くilthe r e e xistpo sitiv e c o n sta ntsPi S u chthat
pi
,
くtl之i5i くi - 1, 2, . . . ,el言
くiilthereis a nintege rj Eく1,2, . . . , mナfo r
.
which
pjくり之i53. fo r s o m eiij ン 0,
05g J3
.
I
くtJ三 63. fo r s o m e63. ン 0言
くiiilfo r s o m ei3ン O
pjくEJ之i3E fo rEン 0.
Ifthefu nction al diHe r e ntial in equ ality
y
,
くり+PpjくtJyh.くtJl三 -PpjくりQくJjくtJl く23l
ha s n o e v e ntu allypo sitiv e s olutio n, the nく13lha sn o e v entu ally po s-
itiv e s olutio n.
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Pr o of. Let yくtlbe a n e v e ntu ally po sitiv e solutio n ofく131.
Pro ceeding a sin the pr o of of T he o r e m3, thefu n ctio n zくtJdefined
byく1 5Jis de c r e a sing o nttl, 00lfor s om e tl 之 to, and that the r e
e xistslim e - c,, zくり - zcx, B - 00 . Sin c elim f う CX ,Qくり - 0, w e obtain
t
limm 紳J - z 00 ン
- 00
, く24J
whe r e zltlis giv e nbyく1 7l. T he hy pothe sisくiiJa ndく1 3Jim plythat
1
t
,jlブ lyh.くsJJIds 5I.
i
p3
.くsJpjくyb.くsJJlds
sI.
t
g
三 -I.
i
piくslpiくyくJiくsJJJds
z
I
くsJds - zくtlト zくり,
a ndthe r efo r eyくJ,.くtJJE L
lくtl, 00l. Itis e a syto s e ethat
I.
i
.yh.ts川ds 之f.
i
.yb.Cs,,管ds -去上三c
31
t
t
l
t
,
,
.yes,Fds.
Lettingt う CX3, W efind that yくtJE Llくt2, 00lfo r s o m et2 之 tl . It
follo w sfr o mthe hy pothe sisくiJthat
e
EI,,I.h.1.tltIJ,.く州
i こ 1
ds SgL,
i
.ytpitS川讐ds
-重吉上t7
i
t2
t
,
,
fyts,.ds
a nd lettingi 1 o o yields
e
EhiCtlyくpiくりJE Llくt2, 00l.
iニ 1
He n c e
,
w e obser ve that z
N
くり E Llくt2, 00l, which, together with
く24J, implie slim t ぅ 00 乏くtJ - 0. Co n s equently, w e c o n clude that
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1im t一 00 Zくtl - 0, and the r efo r e zくり 5 0 fo rt之 tl. Sin ce yくり 之
zくり+Qくり, the hy pothe sisくiiiJandく13Jimplythat
O2 I
,
くtJ+Pp,.くtjyくJ3.くtlJ
之 z
I
くtj+PpjくtJくzb.くtlJ+Qb-くtJIJ, i2tl.
T he r efo r e
,
zくりis an e v e ntu ally po sitiv e s olutio n ofく23J. T his con -
tr adicts the hypothe sis a nd c o mpletes the pr o of.
4. O scillatio n s of fu n ctio n alpa r abolic equ atio n s
We c a nde riv ethe o s cillation r e s ultsfo rthe bo u nda ry v alu epr ob-
1e m sく1 ,くBiうくi - 1,2Jby c o mbiningthe r e s ults ofSe ctio ns 2 a nd
3.
T he o r e m6. As s u m ethat the hypothe s e sくHIHH4J,くiJ,くiiJ
ofT he o r e m3 a r e s atisPed, a nd a s s u m e, m o r e o v e r, that the r e e xists
OCtプE Clく0, 00J言RI s u ch that 0,ぐtJ - GくりFr e sp. OIくtl - 6くtlj,
1im OくtJ - 0. Zfthefu n ctio n al diHe r e ntialin equ alitie s
i-+ o o
y
l
ttJ. p 伽 jくEyb.CtJJ士 0くJjttJJj5 0
ha v e n o e v e ntu allypositiv e s olutio n s, the n e v e ry s olutio n u ofthe
bo u nda ry v alu e pr oble mく1l,くBl Er e sp. く1J,くB21jis o s cillatoryin
0.
Pr o of. W e n ote that T he o r e m1 re m ain str u eifく2Jis repla c ed
by
孟卜童hiCt,ytpiくt,,j.墓 - ytJitt,,,5 i Gtt,.
T he co n clu sio nfわllo w sby c o mbining T he o r e m sト3.
T he o r e m7. As s u m ethatthe hy pothe s e sくHIHH4J,くil,くiil
ofT he o r e m3 a r e s atisPed. Ev e ry s olutio n u ofthe bo u nda ry v alu e
pr oble mくり,くBIJEr e sp. く1J,くB21jis o s cillato ryin 0 ifthe re e xists
OttlE Clくく0, cx ,J芸RIs u chthat O
I
くり - GくtJEr e sp. 0,くtl - 6くtJj,
1im Oくtう - 0, a nd
i- +く二IO
1,
.jくりゾ.,
.り叫rT
.jtf川土Jtlf - 九
fo r s o m eto 5 0.
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pr oof. T he c o n clu sion follo wsfr o m The o rel n S4 a nd 6.
The o r e m8. As s u m ethatthe hypothe s e sくHl卜くH4l, くiJ of
T he o r e m3, andtil,くiil,くiiilofTheo r e m5 a res atisPed, a nd a ss u m e,
m o r e o v e r
,
thato-,
.くtl三t, c,,.ttJis n o nde c r e a s m9info, cx31, a ndthe r e
e
-
xists OttJE Clく0, 001言RJs u ch that 0
,
くtl - GくtJ tr e sp. O
lくり -
GくtJコ,
t
limu 叫J
- 0. Ifthefu n ctio n al diHe r e ntial in equ alitie s
y
I
くtl+Ppjくtlyh.くtll三 千Pp31くtlOくJjくtJl
ha v e no e v e ntu ally po sitiv e s olutio n s, the n e v e ry s olutio n u ofthe
bo u nda ry v alu epr oble mく1 ,くBl Er e sp. くり,くB2Jlis o s cillato ryin
0.
p r o of. T he co n clu sio n follo w sby co mbining T he or e m s1, 2
a nd 5.
T he o r e m9. As s u m ethat the hypothe s e sくHl卜くH4J,くil of
The o r e m3
,
a ndCiJ,くiiJ,くiiiJofT he o r e m5 a re
.
s atisfied. As s u m e,
m o r e o v e r
,
thatc,jくtl三 t a ndJ,.くtlis n o nde c r e a s m9into, 00J. Ev e ry
s olutio n u ofthe bo u nda ry v alu epr oble mくけくBIJEre sp. く1J,くB2Jコ
is o s cillato ryin 0 ifthe re e xists Oくり E C
lくく0, 00J言及J s u ch that
oICtJ - GくtJ Er e sp. O
lttJ - 6くtJj,
t
limu 叫J
- 0, a ndthe reis a
s equ e n c ettnナnc
x3
I I S u chthatこ
1im tn - oo ,
rz, - + 0 0
Iq三こtn,p3.tt,dt 1rQLA一
p3
.くり0くq3.くりJdt
+plq三てtn, - - sjdt - 0.
pr o of. T he c onclu sio nfollo w sfr o m T he o r e m8 a nd a re s ult
of Yo shidat7, Proposition lコ.
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Ex a mple 1. W e c o nsider t,he proble m
孟卜功 一去uくx ,t一 叫卜砦くx,tj-吉宗くtT,i- 打l
+去et uくx ,i - 叫 - くsin x,sin t, 抑 く0 州 0鳥
U仁O,tl - uく7T,tj - 0, t ン0. く26j
Her e n - 1
,
G - く0,7TJ, 0 - く0, 7TJxく0, 00l, e - k - m - 疏 - 1,
hlCり- e
- 2打
, plくり - i - 27T, aくtl - 1, blCtJ - e
- 汀
,
Tlくtl - i- 7T,
plくり - e
- 2打
e
t
,
Jlくtl ニ ト 27T, PlくEl - ia ndfく.77,tl - くsin xJsin t.
Itis e a sy to s e ethat 入1 - 1, 倭.くxJ - sin s, せくり - O a nd Fくtj -
Gくtl - く11417T Sin t. C ho o sing Oくtl ニ Cーl 417T C O St, W efind that
OくJlくtjJ- -く1 4J7T C O St, a lldthat
L.
n
去etF一芸打 C O Stコ土 dt之 芸fトc o stjidt - 00 .
He n c e
,
itfollo w sfr o mT heor e m7that e v e ry s olutio n u ofthe pr ob1
1e mく25J,く26lis o scillato ryinto, 7TIxく0, 00J1 One s u ch s olutio nis
uくx ,tJ - くsin xle-t sin t.
Ex a mple 2. W e c o n sider the pr oble m
孟くuくx ,t卜去uくx ,t 一 打lト2言語くx,tト e 打謎x ,i - ql
+ uくx ,t127TJ ニ ー 2くc o s xle-
t
sin t
, くx ,り Eく0, 7TIxく0, 00l,
く27J
一芸く0,り -芸く汀 ,tl - 0, i ,0. く28l
He r e n- 1
, G - く0, 7Tl, n - く0, 7TJxく0, 001, e - k - m - rh - 1,
hlくtl - e
- 打
, plくtl - i - 7 T, attJ - 2,blCtl - e
7T
,
Tlくtl - t 一 打 ,
plくり - 1, J lくり - i - 27,, 竺1くEJ - Ea ndf-tx ,り - ニ2くc o s xle
一 毛
sin t.
Itis e a sily che cked that せくtJ - 0 a nd Fくり - GくtJ - 0. W e c a n
cho o s eOくり - 0. Sin c e
lq
t
.1り Plくt,dt -Ln
tn
- 2打
dt - 2打 之 1
for any sequ enc eくtnナ, T heo r e m9 im plie s that e v e ry s olution u
ofthe proble m く27J,く2 8Jis o s cillato ryin to, 7TJx く0, cx,l. In fact,
uくx ,tJ - くc o s xJe
- t
c o st is su ch a s olutio n.
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Re m a rk 1. T he o r e m5 holds tr u eifthefu nction al differential
inequ alityく23Jis replacedby
.
,I
,
tl +IブL7J
1
.
,Jtr,, 州 S ---I,ブ17,Q ttT.,く川 .
Re m a rk 2. T he o r e rI19 w a s established by Yo shidaE7l.
Re m a rk 3. T he c ase where m - 7h
, ゆ こ 示 - o, 仲 ,tl -
0
, piくtl - i - piくpi ン Ol くi - 1,2, . . .,el, Tiくり - i - TiくTi ン
OJくi - 1, 2, . . . ,kう, Jiくり - i - JiくJi ン 01 くi - 1,2, . . . , mJ, piくEJ -
Eくi - 1,2
-
,
. . .
,
mJw a s studied by M ishe v and Bain o vt4l. W he n m -
疏
, 4, - 4, - 0, fくx ,tl - 0, piくtl - i - piくpi 5 0J くi - 1,2, . . . ,eJ
a nd the hypothe sisくiiiJof T he o r e m5 holds, the bou ndary v alu e
pr oble m sく1l,くBil くi - 1,2lw eretr e ated by Cuit2コ.
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